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Abstract 

This research studies the over-dispersion on breast cancer patient data resulting from 

the presence of a latent variable and varying fluctuations around the mean. Both 

Fractional Poisson distribution and Standard Poisson distribution can be applied to 

estimate the number of positive axillary lymph nodes in the cases of the presence and 

absence of cancer stem cells at different time intervals for the size of the tumor. 

Additionally, The Relaxed Cure Rate model and the Standard Cure Rate model can be 

applied to estimate the survival probability and time of breast cancer patients when 

undergoing radiation therapy and when not undergoing radiation therapy in the 

presence or absence of cancer stem cells. Furthermore, survival rate models can be 

applied at different intervals for the number of positive axillary lymph nodes when 

radiation therapy was applied versus when it was not applied. 

Key Words: Standard Poisson Distribution – Fractional Poisson Distribution – 

Relaxation Function – Relaxed Poisson Distribution – Stanadrad Cure Rate Model – 

Relaxed Cure Rate Model – Latent Cells – Latent Stem Cells. 

1. Introduction 

One of the leading causes of the emergence of the over-dispersion in data is the 

presence of bias in the resulting estimates and the difficulty in determining the 

standard error, thus resulting in inaccurate estimates of the parameters. This means an 

increase in the amount of variation from the expected value and a decrease in the 

correlation coefficient between response variables, followed by a decrease in 

reliability. The causes leading to the appearance of excessive data dispersion vary 

depending on the nature of the data and the statistical method used. The over- 

dispersion can be expressed by the dispersion equation, which represents the variance 

multiplied by the dispersion parameter. This parameter is then estimated, and control 

over the excess variance is achieved by determining an accurate value for this 

parameter that is suitable for the nature of the data. 
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It is known that Poisson distribution is used to express the probability of an event 

occurring during a specific time period (waiting time for the event), which is 

characterized by the property of equi-dispersion, meaning that the mean equals the 

variance. Usually, in Poisson distribution, the process of exponential distribution is 

applied to represent the variable of waiting time for the event. In the presence of the 

problem of over-dispersion, the variance of the distribution becomes greater than its 

expected value. Consequently, the distribution parameter becomes a random variable, 

meaning it is not independent of time and varies (λ). Also, the graphical 

representation of this data takes a non-exponential form, resulting in a non-

homogeneous Poisson process. Therefore, the use of traditional Poisson processes is 

inappropriate for dealing with this type of data. 

And then, many studies and research have led to the modifications of the traditional 

Poisson process by adding a new parameter to the distribution, taking into account the 

presence of over-dispersion known as the dispersion Parameter. Its value lies within a 

specified range, allowing control over data dispersion by choosing an appropriate 

value for this parameter within that range, reflecting the flexibility of the proposed 

distribution. Additionally, the use of a suitable distribution for the event waiting time, 

which considers the non-exponential shape of the data, should be employed. This 

distribution should possess mathematical properties that enable it to control the 

impact of over-dispersion on the event waiting time. 

Laskin (2003) and Mauro et al. (2011) proposed the Fractional Poisson distribution as 

a generalization of the standard Poisson distribution by introducing an additional 

dispersion parameter to the distribution. They assumed that the observed waiting time 

follows the Exponential Mittag-Leffler distribution suggested by Leffler, M (1903), 

which is used to solve mathematical problems related to multidimensional functions 

and is a generalization of the exponential distribution function. Then, Rodrigues 

(2016) proposed the Relaxed Poisson distribution, where he introduced the Fractional 

Poisson distribution in the form of the Relaxed Mittag-Leffler function by Berberan-

Santos (2005), which is characterized by its ability to change shape by controlling a 

parameter value within a certain range [0,1]. At the lower bound of the function, it 

takes the form of the geometric function, representing exponential decay when 

graphically represented. At the upper bound of this range, the function returns to the 

form of the exponential distribution. 

The Relaxed Poisson Distribution is characterized by its ability to be represented in 

the space of complex numbers (which includes both imaginary and real numbers). 

However, representing some latent data with small weights in the space of imaginary 

numbers leads to bias in the resulting estimates. 

B. Davies, Martin (1979), J. L. Brancik (1998), M. N. Berberan-Santos (2005) 

proposed an alternative representation on the space of positive real numbers for the 

Mittag-Leffler function. We can derive this integral representation for the Relaxed 

Poisson Distribution on the space of positive real numbers. 
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The traditional parametric and non-parametric survival functions assume that every 

individual in the study population is susceptible to the event, they do not represent 

surviving units with an infinite survival time. 

Berkson and Gange (1952), Baog (1949), Yakovlev et al. (1996), Yakovlev (1994), 

and Tsodikov (1993) proposed models known as Mixture Cure Rate Models and Non-

Mixture Cure Rate Models. These models establish a mathematical relationship 

representing a portion of the population that survives with an infinite survival time, 

and another portion representing the non-surviving population with a finite survival 

time. 

The study aims to develop a model for analyzing survival data using the Non-Mixture 

Cure Rate Model for data related to the recurrence of breast cancer tumors in breast 

cancer patients. The goal is to study the likelihood of the tumor recurrence after 

radical mastectomy and radiation therapy, or in cases where the patient does not 

receive radiation therapy, due to the presence of dormant stem cancer cells, which 

represent the latent variable. The observed waiting time is the time until the event of 

the reappearance of the cancerous tumor, and the event under study is the recurrence 

of the cancerous tumor. 

Radiation therapy is considered one of the treatment modalities used in breast cancer, 

where radiation therapy ions destroy the DNA of cancer cells. However, dormant 

cancer cells can resist targeted radiation therapy by halting their growth cycle for a 

period of up to years, then resuming growth and division to form a new cancerous 

tumor. 

Cancer stem cells are considered the most dangerous type of cancer cells as they are 

characterized by self-renewal and rapid spread. They are also among the types of 

cancer cells that enter a dormant state, leading to the emergence of new cancerous 

tumor. Biological evidence of the presence of cancer stem cells increases the 

likelihood of the recurrence of the cancerous tumor. 

Axillary lymph nodes are considered one of the most important prognostic factors in 

breast cancer. They are immune glands located under the arms and represent the 

closest area to the breast circumference, making them the most likely region for 

cancerous tumor metastasis outside the breast. Estimating the number of affected 

(positive) axillary lymph nodes is a crucial factor in determining the severity of the 

cancerous tumor and its ability to spread. 

The number of positive axillary lymph nodes is affected by the tumor size, where the 

relationship between the number of positive axillary lymph nodes and tumor size is 

linear at some tumor size intervals and nonlinear at others. The variation in the 

relationship between the number of positive axillary lymph nodes and tumor size 

leads to data dispersion when estimating the number of positive axillary lymph nodes 

away from its arithmetic mean. 
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In this research, we will focus on estimating the number of positive axillary lymph 

nodes using both the Fractional Poisson distribution and the standard Poisson 

distribution. 

So, the research aims to achieve the following points: 

 Applying the Relaxed Non-Mixture Cure Rate Model, which represents the 

Non-Mixture Cure Rate Model on the form of the Mittag-Leffler function. 

This model is characterized by the flexibility of the Mittag-Leffler function 

between geometric and exponential shapes based on the dispersion parameter. 

It considers the over-dispersion in the data resulting from the presence of the 

latent variable, representing dormant cancer stem cells, to analyze survival in 

breast cancer patients after radical mastectomy, whether they receive radiation 

therapy or not. 

 Conducting a comparison between the Relaxed Non-Mixture Cure Rate Model 

and the Non-Mixture Cure Rate Model to assess the capability and accuracy of 

the standard Cure Rate Model in comparison to the relaxed form of the 

Mittag-Leffler function for dealing with the over-dispersion resulting from the 

presence of the latent variable. 

 Estimating the survival time for breast cancer patients after radical 

mastectomy until the occurrence of new cancerous tumor, considering whether 

the patient receives radiation therapy or not and whether biological evidence 

of the presence of cancer stem cells exists or not, and at different intervals of 

the number of positive axillary lymph nodes. 

 Estimating the number of Positive Axillary Lymph Nodes using the Fractional 

Poisson distribution, and comparing it with the Standard Poisson distribution 

to assess the capability of the fractional form of the Poisson distribution in 

dealing with data on the number of positive axillary lymph nodes that exhibit 

significant variance from their arithmetic mean. 

 Finding the integral image of the Relaxed Poisson distribution on the positive 

real number space to enable the model to deal with a wider range of data. 

 

2. The Non-Mixture Cure Rate Models 

 

a. The Relaxed Non- Mixture Cure Rate Model 

Rodrigues (2016) presented the survival function of the cure rate model in the form of 

the Mittag-Leffler function as follows: 

  ( )   ,   -    ( ( )    )    (   ( ))      ,   - 

1)) 

As: 
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  is the dispersion parameter, 

  is the model rate, 

t is the survival time, 

 ( ) is the cumulative. 

b.  The Standard Non- Mixture Cure Rate Model 

The Standard Non-mixture Cure Rate model provides from the following relationship:  

 ( )     (   ( )) 

(2) 

As: 

  is the model rate, 

t is the survival time, 

 ( ) is the cumulative. 

c. Model Estimation 

Both the Non-Mixture Cure Rate model and the Mixture Cure Rate model will be 

estimated, by the Maximum Likelihood function for the Non-Mixture Cure Rate 

model as follows: 

 (   )   ∏* (    )+  * (    )+    

 

   

 

(3) 

As: 

   represents the indicator variable, taking the value 0 in the case of cure or no 

recurrence of cancer, and 1 in the case of cancer recurrence, 

  represents the parameter vector, 

  represents the variables vector, 

 (    ) is the Non- Mixture Cure Rate model function, 

 (    ) is the density function of the Non- Mixture Cure Rate model. 

And then the posterior distribution for the parameter vector   using Bayesian 

Inference method is given by: 
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(4) 

As: 

 ( ) represents the prior distribution for the vector parameter    

Both the Non-Mixture Cure Rate model and the Non-mixture Standard Cure Rate 

model are estimated using Markov Chain Monte Carlo (MCMC) methods applied to 

Bayesian inference, employing the Metropolis-Hastings algorithm to get the posterior 

distribution of model parameters. 

d. The Comparison Criteria between the Relaxed Non-Mixture 

Cure Rate Model and the Standard Non-Mixture Cure Rate 

Model: 

The following comparison criteria are applied: 

- The Akaike Information Criterion (AIC) value. 

- The Bayesian Information Criterion (BIC) value. 

- Calculating the bias resulting from each model. 

 

3. The  Standard Poisson Distribution and the Fractional Poisson 

Distribution 

Applying both the Standard Poisson distribution and the Fractional Poisson 

distribution to estimate the number of positive axillary lymph nodes for breast cancer 

patients at different tumor sizes. 

a. Standard Poisson Distribution: 

The function of the Standard Poisson distribution is as follows: 

 (      )  
      

  
          (   

 ) 

(5) 

As: 

x  is the discrete random variable representing the number of the positive axillary 

lymph nodes, 

   is the distribution rate, 

  is the parameter vector, 
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  represents the covariates vector. 

b. Fractional Poisson Distribution: 

The Following equation represents the Fractional Poisson distribution Laskin (2003), 

Mauro et al. (2011): 

  (      )  
  

  
∑

(   ) 

  
 

   

  (   )   

                            ,   -

 

   

 

 

      (   
 ) 

(6) 

As: 

x  is the discrete random variable representing the number of the positive axillary 

lymph nodes, 

   is the distribution rate, 

  is the dispersion parameter, 

  is the parameter vector, 

  
  represents the covariates vector. 

c. Estimation Method for the Standard Poisson distribution and 

the Fractional Poisson distribution: 

Both the Fractional Poisson distribution and the Standard Poisson distribution are 

estimated using Markov Chain Monte Carlo (MCMC) methods, applied through the 

Bayesian approach, utilizing the Metropolis-Hastings algorithm to find the posterior 

distribution of the distribution's parameters. 

d. The Comparison Criteria between the Standard Poisson 

distribution and the Fractional Poisson distribution: 

The following comparison criteria are applied: 

- Calculating the Mean Square Error (MSE) for the distribution parameters. 

- Calculating the Pearson Chi-Square test statistic to assess the ability of both 

the Fractional Poisson distribution and the Standard Poisson distribution to 

handle the over- dispersion. 

-  
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4. The Relaxed Poisson Distribution: 

Rodrigues (2016) displays the Relaxed Poisson distribution as follows: 

 ,        -    (     )  

   [       
 (  )       (   )(  )]        ,   -                           

(7) 

As: 

m  is the Relaxed Poisson discrete random variable, 

    is the dispersion parameter, 

    is the Relaxed Poisson distribution rate, 

    (   )(  )  is the relaxed representation for the two parameters Mittag Leffler 

Function, 

       
 (  )  represents the relaxed representation for the three parameters Mittag 

Leffler function. 

5. The Applied Study 

The study was conducted on a total of 607 female breast cancer patients. 

The duration of the survival after the radical mastectomy and receiving the radiation 

therapy or not receiving the radiation therapy ranged from 10 years from January 

2012 to January 2022. 

The study data was collected from the National Cancer Institute at Mansoura 

University. 

The data is applied using R-Software version 4.2.1. 

The research studies the estimation of the number of positive axillary lymph nodes of 

breast cancer patients, the practical application utilizes the Standard Poisson 

distribution and the Fractional Poisson distribution. This is based on the appearance of 

biological evidence in the study, such as the presence of cancer stem cells, and the 

absence of positive biological evidence in the study. This estimation is performed for 

three different tumor size intervals: less than 2 centimeters, 2 to 5 centimeters, and 

greater than 5 centimeters. 

Applying the Improper Non-Mixture Standard Cure Rate model, the Relaxed 

Improper Cure Rate model, the Relaxed Cure Probability and the Standard Cure 

Probability model to estimate the survival probabilities in breast cancer patients after 

radical mastectomy. This estimation is performed in two scenarios: when radiation 
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therapy is applied and when radiation therapy is not applied. It is based on the 

appearance of biological evidence in the study for the presence of cancer stem cells, 

and the absence of biological evidence in the study for the presence of cancer stem 

cells. Both the application of the Standard Improper Non- Mixture Cure Rate model 

and the Relaxed Improper Non-Mixture Cure rate model, as well as the Standard Cure 

Probability and the Relaxed Cure probability, are applied to estimate the probabilities 

of survival for different numbers of positive axillary lymph nodes intervals: less than 

3, 4 to 9, and greater than 9. This estimation is performed for both scenarios: when 

radiation therapy is applied after radical mastectomy and when radiation therapy is 

not applied after radical mastectomy. 

 

6. Conclusions 

 The flexibility of the relaxation function for the Non-mixture Cure Rate model 

between the exponential shape at the upper limit of the dispersion parameter 

and the geometric shape at the lower limit of the dispersion parameter, has 

made the function take into account the weight of sudden changes in the data 

in different directions around the mean. This has resulted in lower AIC and 

BIC criterion values and lower bias values compared to those resulting from 

the Non-Mixture Standard Cure Rate model. 

 The value of the survival probability resulting from both the Relaxed Non-

Mixture Cure Rate model and the Standard Non-Mixture Cure Rate model for 

breast cancer patients when there is biological evidence of the presence of 

cancer stem cells in the case of the patient receiving radiotherapy equals to 

0.47 (applying the Relaxed Non- Mixture Cure Rate model) or the case of the 

patient not receiving radiotherapy equals to 0.42 is less than the probability of 

survival resulting from the absence of biological evidence of the presence of 

cancer stem cells with 0.54 and 0.5 respectively, as cancer stem cells are 

among the most dangerous types of cancer cells due to their rapid self-renewal 

and spread. Moreover, the likelihood of them entering a dormant state is high, 

which increases the resistance of cancer cells to targeted radiotherapy 

treatment. 

 The value of the survival probability resulting from both the Relaxed Non-

Mixture Cure Rate model and the Standard Non-Mixture Cure rate model for 

breast cancer patients when radiotherapy is applied, in the case of biological 

evidence of the presence of cancer stem cells or in the absence of biological 

evidence of the presence of cancer stem cells, is higher than the probability of 

survival resulting from not receiving radiotherapy. This is due to the 

effectiveness of radiotherapy in inducing cancer cell death through 

programmed cell death (apoptosis) after the destruction of their DNA, halting 

their growth and therefore proliferation, reducing the likelihood of cancer 

recurrence. 

 The value of the survival Probability from both the Relaxed Non-Mixture 

Cure Rate model and the  Standard Non-Mixture Cure Rate model for breast 
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cancer patients decreases with an increase in the number of positive axillary 

lymph nodes, whether the patient receives radiotherapy equals to 0.55 (in the 

interval less than 3), equals to 0.5 (in the interval from 4 to 9), and equals to 

0.44 (in the interval greater than 9), greater than the survival probability in 

case of not applying the radio-therapy treatment, as the Relaxed Non-Mixture 

Cure Rate equals to 0.51 (in the interval less than 3), equals to 0.43 (in the 

interval from 4 to 9), and the survival probability equals to 0.37 (in the 

intervals greater than 9). An increase in the number of positive axillary lymph 

nodes indicates the ability of cancer cells to spread and divide outside the 

breast area, where cancer cells with the ability to spread are considered more 

dangerous. 

 The survival time for breast cancer patients increases when the patient 

receives radiotherapy, whether cancer stem cells are present or not, compared 

to the scenario where the patient does not receive radiotherapy, regardless of 

the presence of cancer stem cells. 

 The patient's survival time decreases for breast cancer patients when 

biological evidence of the presence of dormant cancer cells appears as it is 

estimated for 5 years in case of applying the radiotherapy treatment in the 

presence of cancer stem cells, less than the survival time estimated for 4 years 

in case of not applying the radiotherapy treatment in the presence of cancer 

stem cells, and the survival time is estimated for 6 years for the case of 

applying the radiotherapy treatment in case of applying the radiotherapy 

treatment in the absence of cancer stem cells which is bigger than the survival 

time  that equals to 5 years in case of not applying the radiotherapy in case of 

absence of the cancer stem cells. 

 The survival time decreases with an increase in the number of positive axillary 

lymph nodes. 

 The results indicated that the Over- dispersion resulting from the Fractional 

Poisson distribution is lower than the Over- dispersion resulting from the 

Standard Poisson distribution when estimating the number of positive axillary 

lymph nodes for breast cancer patients using the Pearson's chi-square test as 

the values of Pearson Chi-Square test in case of the Fractional Poisson 

distribution is near to 1 which is the case of Equi-dispersion. Additionally, the 

mean squared error values for the parameters of the Fractional Poisson 

distribution are lower, given the flexibility of the distribution between 

exponential and geometric shapes at different dispersion parameter values, and 

the distribution's ability to represent non-exponential shapes of the data, 

making the Fractional Poisson distribution more optimal in representing data 

with excess dispersion. 

 The average number of positive axillary lymph nodes increases with the size 

of the cancerous tumor. An increase in the size of the cancerous tumor 

signifies an increased likelihood of the number of cancer cells capable of 

spreading beyond the original breast tumor area. 
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 The average number of positive axillary lymph nodes increases when there is 

biological evidence of the presence of cancer stem cells compared to the 

average number of positive axillary lymph nodes when there is no biological 

evidence of the presence of cancer stem cells, as the number of estimated 

positive axillary lymph nodes resulting from the Fractional Poisson 

distribution in case of the presence of cancer stem cells, equals 4 (in the tumor 

size interval less than 2 cm), equals 5 (in the tumor size interval from 2 cm to 

5 cm), and equals to 8 (in the tumor size interval greater than 5 cm) which is 

greater than the number of positive axillary lymph nodes in case of absence of 

the cancer stem cells resulting from the Fractional Poisson distribution, equals 

to 2 (in the tumor size interval less than 2 cm), equals to 3 (in the tumor size 

interval from 2 cm to 5 cm), and equals to 5 (in the tumor size interval greater 

than 5 cm). 

  Cancer stem cells are characterized by their ability to self-renew and rapidly 

spread, increasing the likelihood of their migration to areas outside the original 

site of the cancerous tumor. 

7. Recommendations 

 Applying the Fractional Poisson distribution to breast cancer data with the 

phenomenon of Over- dispersion to estimate the number of positive axillary 

lymph nodes. 

 Applying the Relaxed Non-Mixture Cure rate model to estimate and study the 

survival probability for breast cancer patients in the presence or absence of 

cancer stem cells and when applying radiotherapy or not, distinguished by its 

mathematical characteristics leading to statistically more significant results. 

 Applying the radiotherapy treatment to breast cancer patients when there is 

biomarkers evidence of the presence of cancer stem cells, especially in cases 

of high positive axillary lymph node counts, particularly those exceeding nine 

affected axillary lymph nodes. 
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